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ABSTRACT  
Glass Fiber Reinforced Polymer (GFRP) plates present a viable option for strengthening corroded flanges and/or webs 
subjected to normal or shear stresses, to help restore their original local buckling strength. Given the large difference 
in elastic properties for the steel, adhesive, and GFRP, the use of the concept of transformed section is found to grossly 
overestimate the buckling strength of such system. An accurate prediction for the buckling strength of such systems 
necessitates the use of Three-dimensional Finite Element Analysis (3D FEA) modeling involving significant 
modelling and computational effort. The present paper is part of a larger study aimed at developing more 
computationally efficient solutions. Variational principles were formulated for the buckling analysis a single plate, 
two plates, and three-plates bonded through thin adhesive layer(s). Given (a) the complexity of the resulting 
expressions, and (b) the simplifying kinematics postulated in the formulation, it is desirable to devise a technique to 
assess the validity of the variational expressions obtained. Within this context, the present study develops a 
methodology to assess the validity of the variational expressions for the case of two-plate systems. A 3D FEA model 
was developed under Abaqus and the buckling stresses and associated mode shapes were determined. Through 
regression analysis, the observed mode shapes were successfully replicated by approximate functions. The 
approximate functions were then used in conjunction with the variational expression to predict the critical pressure 
combinations. The proximity of the critical pressure combinations predicted by the 3D FEA model and that based on 
the present solution suggest the validity of the assumptions made and the correctness of the variational principle. 
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1. INTRODUCTION AND MOTIVATION 
In existing steel structures, corroded flanges and/or webs subjected to shear stresses, normal stresses, or combination 
thereof can become particularly prone to plate buckling. Glass Fiber Reinforced Polymer (GFRP) plates present a 
viable option for strengthening such elements given their low cost and resistance to corrosion. Their low stiffness 
compared to CFRP can be offset by the fact that they are manufactured in large thicknesses. Experimental studies of 
steel beams reinforced with GFRP conducted by El Damatty et al. (2003), Tavakkolizadeh and Saadatmanesh (2003) have 
shown an excellent performance of the adhesive layer, i.e., the failure of the composite system is generally not induced by 
adhesive failure. GFRP plates are epoxied to the corroded steel component, either from one or both sides, to help restore 
its initial local buckling strength. Given the large difference in elastic properties for the steel, adhesive, and GFRP 
(Harries and El-Tawil 2011), the use of common shell FEA analysis based on the concept of transformed section is 
found to grossly overestimate the stiffness of the composite system (Pham and Mohareb 2015).  A more reliable 
treatment was provided by Siddique and El-Damatty (2012) who developed an elastic interface element between two 
shell elements which represent the steel plate and the GFRP plate. In Siddique and El-Damatty (2012), the behaviour 
of the adhesive was idealized using the plate on elastic foundation analogy. For a steel plate strengthened from both 
sides, reliable buckling strength prediction necessitates 3D FEA modeling and involves significant modeling and 
computational effort. Within this context, recent work, Zaghian (2015) has developed a buckling theory for steel plate 
symmetrically reinforced with GFRP plates which are subjected to in-plane biaxial normal and shear stresses. The 
theory idealizes the steel and GFRP as Kirchoff plates while accounting for the transverse shear deformations within 
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the adhesive layers. Given the various kinematic assumptions made and the complexity of the resulting variational 
expression, the present study presents a methodology to assess the correctness of the solution and the validity of the 
underlying assumptions. 
2. STATEMENT OF THE PROBLEM 
A steel plate of dimensions a b  and thickness 3h   is reinforced with two GFRP plates with thicknesses 1 5h h   
through soft adhesive layers with thicknesses 2 4 1 3 5, , =h h h h h . The composite system is assumed to be loaded in 
the plane of the plate through biaxial normal pressures xxP , yyP and shear traction xyP . It is required to find the critical 
loading combination  , ,xx yy xyP P P   at which the composite system would buckle out of its own plane. 
3. ASSUMPTIONS 
The following assumptions are made 
 
1. The soft adhesive layer is assumed to be thin compared to both plates. 
2. The soft adhesive layer is assumed to act as a weak elastic material with a small modulus of elasticity compared 
to that of the plate. Consequently, the in-plane normal stresses in the soft layer are considered negligible compared 
to the normal stresses in the plates. 
3. Within the plates, only the in-plane normal and shear stresses are assumed to contribute to the internal strain energy 
while the other stress components are negligible. 
4. The in-plane buckling displacements of a point on mid-surfaces of the plates are assumed to be equal and opposite. 
Consequently, the number of independent buckling displacement fields reduces to three (Fig. 1).  
5. The in-plane buckling displacements of the soft layer are assumed to be a function of the in-plane displacements 
of top and bottom plates and have a linear distribution across the thickness. 
6. The boundary conditions and pre-buckling deformations were assumed to be identical for all plates, and 
7. The vertical displacement of all layers throughout buckling are nearly equal, i.e., the system can be considered 
incompressible in the transverse direction. 
4. ASSUMED KINEMATICS 
The kinematics of the composite system is shown in Fig. 1. Under the reference loads  , ,xx yy xyP P P , Vertical line 1 1A I
in the un-deformed configuration is assumed to undergo displacements pu  (shown in the figure) and pv   (not shown) 
to Configuration 2 2A I . Subscript p denotes pre-buckling variables. The applied loads are then assumed to increase to 
 , , xx yy xyP P P  to reach the state of onset of buckling 3 3A I . At that stage, the associated pre-buckling displacements 
are assumed to linearly increase to  , p pu v . At the onset of buckling, the composite system has a tendency to buckle 
as illustrated by line 4 4A I  under no increase in loading. All three plates are assumed to undergo the same transverse 
buckling displacement bw  as shown. The top GFRP plate is assumed to undergo lateral displacements  1 1,b bu v while 
the bottom displacement undergoes an equal and opposite displacements    5 5 1 1, , b b b bu v u v  as shown. The 
objective of the buckling analysis is determining the scaling factor   at the point of onset of buckling. 
5. VARIATIONAL PRINCIPLE 
The solution procedure (Zaghian 2015) starts by expressing relevant nonlinear Green Lagrange strain displacement 
relations for the five layers. The generalized Hooke’s law is then used to relate the strains to the stresses. The total 
potential energy expression b  for the system is next expressed in terms of the displacement fields and the second 
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variation b  of the total potential energy after performing integration across the thickness (z) is found to take the 
form 
[1]     
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where the coefficients (
1A  to 17A ) are summarized in Table A.1. 
6. SPECIAL CASE 
The expression in Eq. [1] is intended for three-plates bonded with thin layers of adhesive. It can be specialized for the 
case of two-plate systems. For such a case, it takes the simpler form 
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where coefficients (
1A  to 14A ) are summarized in Table A.2. 
7. VERIFICATION STUDY 
Starting with the variational principles in Eqs. [1] or [2], several solution types can be developed. For example:  (1) 
The governing equations of the problem can be recovered through integration by parts, (2) Finite element solutions 
can be developed by adopting a set of appropriate nodal displacement functions, adopting interpolation functions, 
substituting into Eqs. [1] or [2], evoking the stationarity principle to recover the elastic and geometric matrices 
(Zaghian 2015), or (3) Developing an approximate solution by postulating appropriate approximate buckling 
displacements, substituting into Eq. [1] and [2], evoking the neutral stability condition. Irrespective of the solution 
type, the validity of the solution hinges on the correctness of the variational principles in Eqs. [1] or [2] and the validity 
of the underlying kinematic assumptions postulated under Section 3. The present paper thus develops an objective 
methodology to assess the quality of the assumptions made in Section 3. Given the relative complexity of the general 
expression in Eq.[1], the special case presented in Eq. [2] will be adopted in the verification study. 
 
The main idea is to develop an approximate solution based on solution type (3). Since the quality of such solution 
hinges on the representativeness of the assumed displacement functions of the buckled configuration, a 3D FEA 
buckling model is built for the problem and the buckling load (or load combination) and mode shape are extracted 
(Fig. 2). Approximate displacement field expressions are then developed to emulate the mode shapes obtained from 
the Abaqus model. The approximate shape functions are then substituted into the variational principle in Eq. [2] and 
the stationarity conditions are evoked. The solution yields an approximate buckling load. In the event that the 
approximate buckling load thus obtained is close to that predicted by Abaqus, one may conclude that the functional 
expression in Eq. [2] is accurate and hence the underlying assumptions in Section 3 are valid. Conversely, a large 
discrepancy between the buckling loads predicted by Abaqus and the present methodology would flag that some of 
the kinematic assumptions in Section 3 are unrealistic. 
 
Two types of displacements are need for the implementation of solution type 3, namely (a) the pre-buckling 
displacements   which are recovered from a pre-buckling plane stress analysis, and (b) appropriate approximate 
buckling displacements. Given the assumed displacement functions, by substituting into Eq. [2] and evoking the 
neutral stability condition by setting the variation of the second variation of total potential energy to zero, one recovers 
the linearized Eigen-value problem 
 
[3]            0 GK K U   
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Given matrices  K  ,  GK , the sought Eigen-pairs   , U can be recovered. The above procedure is implemented 
for three loading scenarios; buckling under pure shear, buckling under biaxial normal pressure and cylindrical 
buckling problems. The outlined procedure is schematically presented in (Fig. 2). 
 
 
 
 
 
Fig. 1: Kinematics- Vertical line trajectory (1) in the 
deformed configuration, (2) under the reference load, 
(3) at the onset of buckling, and (4) in the buckled 
configuration 
 
Fig. 2: Procedure for assessing of the validity of the 
assumptions made in the present study 
 
7.1 Buckling under pure shear 
Two plates with dimensions 400 400 10a a h m m      (Fig. 3) are bonded together through a 2.5mm   thick soft 
layer. The composite system is subjected to pure shear traction. Modulus of elasticity and Poisson’s ratio of the plates 
are 200sE GPa  , 0.3 s , and those of soft layer are 0.02aE GPa   and 0.3 a . All edges of the plate are fully 
fixed relative to rotations and transverse displacements.  It is required to find the critical shear traction  xyP  at which 
the composite system would buckle. 
 
Fig. 3: Two plates bonded through an adhesive layer under pure shear traction xyP   
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7.1.1 Details of the 3D FEA Model 
The plate in this problem, and the subsequent ones, is modeled by using the C3D8 solid element in Abaqus. Element 
C3D8 is a 3D continuum element with 8 nodes and three translational degrees of freedom per node, i.e., the element 
has a total of 24 degrees of freedom. For a generic edge line of the plate such as AB (Fig. 3), all the nodes are 
constrained to move equally along the x and y directions to restrain the edges from rotating about x and y. All mid-
surface displacements at the edges are set to zero. To apply symmetry conditions about diagonals 1 3O O  and 2 4O O  
(Fig. 3), the constrains 
1 1 3 3 2 4 2 4
, , ,O O O O O O O Ou v u v u u v v       are enforced at the through thickness line of nodes 
passing through 1O , 2O , 3O   and 4O . Four elements are taken across each plate thickness and one element is taken 
across the adhesive layer. Convergence is deemed to be achieved for the 200 200 -element mesh leading to predicted 
buckling shear stress (
, 1644xy crP MPa ). It is clear that the bucking strength of the two-plate system is significantly 
higher than the yield strength of a material like steel and thus local buckling considerations would not govern the 
design of such a system. Nevertheless, the problem remains a suitable medium to assess the validity of the variational 
expression developed in the study as explained in Section 7.1.2. 
7.1.2   Approximate displacement functions 
The pre-buckling displacements under reference uniform shear traction 1 xyP kPa   were obtained from the static 
analysis of the plate in Three-dimensional FEA in Abaqus and were found to be exactly described by the functions 
   2 , 2p pu y a v x a         where
80.65 10   , 400a mm   in the present problem. The in-plane 
displacements bu   and bv    based on the first buckling mode predicted by the FEA solutions are extracted (Fig. 4 (a) 
and (c)). The displacements are then visualized to provide insight on proposing suitable approximating displacement 
function %bu    and bv% . The following approximate functions are postulated 
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where ija   and ijb  are the coefficients to be determined by minimizing the summation of squares of the differences 
between the Abaqus buckling displacements and the proposed displacement function; i.e.,                  
 
[5]    
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where m and n are the number of nodes at each edges ( 201 201 -nodes).The minimization process has led to an 
excellent approximation of the FEA solution as depicted in Fig. 4 (b) and (d). The nodal transverse buckling 
displacements based on the first buckling mode bw   as predicted by the FEA solution are extracted (Fig. 4 (e)). The 
approximate displacement function °bw  is postulated 
 
[6]    °    3 3 4, ,bw A f x y f x y   
 
in which          
2 2 2 2
3 , / 2 / 2 / 2 / 2f x y x a x a y a y a      ensures compliance 
°
bw  with the boundary 
conditions and function 4 ( , )f x y  takes the form 
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in which 0 8c c   are the coefficients determined by minimizing the summation of square of the differences between 
the Abaqus buckling displacements and the proposed displacement function. A comparison between the FEA 
predicted buckling displacement and the approximate displacement in Eq. [6] is provided in Fig. 4 (e) and (f). 
From the displacement functions proposed in Eqs. [4] and [6], by substituting into the variational expression developed 
in Eq. [2] and setting the variation of second variation of total potential energy to zero, one obtains a critical shear 
stress , 1671xy crP   MPa which compares to , 1644xy crP MPa   as given by Abaqus with a 1.61% difference. The 
proximity of the results based on the present model and those based on Abaqus is an indication that the kinematic 
assumptions postulated are realistic and lead to a variational principle that is suitable for the class of problems 
involving in-plane shear as is the case in the present problem.  
 
 
(a) (b) 
 
 
(c)  (d)  
          
 
 
 
           
(e)  (f) 
Fig. 4: In-plane buckling displacements based on (a) Abaqus ( bu ), (b) approximation (
%
bu ), (c) Abaqus ( bv ), (d) 
approximation ( bv% ), Transverse displacement function based on (e) Abaqus ( bw ) and (f) approximation (
°
bw ) 
7.2 Buckling under biaxial pressure 
Two simply supported plates with dimensions 600 400 10a a h m mm mm      (Fig. 5) are bonded through a 
2.5mm  thick soft layer. The composite system is subjected to normal pressures 1 , 1 xx yyP kPa P kPa  . Modulus 
of elasticity and Poisson’s ratio of plates are 200sE GPa , 0.3s  , and those of soft layer are 0.02aE GPa  and  
0.3s  . The mid-surface of the plates all around the edges are simply supported relative to the transverse 
displacement.  It is required to find the critical load combination  ,xx yyP P  at which the composite system would 
buckle out of its own plate. A 3D FEA model is built under Abaqus where the boundary conditions were carefully 
enforced. 
(m
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m
) 
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Fig. 5: Simply supported plates bonded through a soft layer subjected to biaxial normal pressure 
 
The pre-buckling displacements under reference load 1 , 1 xx yyP kPa P kPa    were obtained from the static 
analysis of the plate in 3D FEA in Abaqus and were found to be exactly described by the functions  
   2 , 2p pu a x v b y        where for the present problem, one has ( 600 , 400a mm b mm  ) and
80.351 10     .The approximate in-plane buckling displacement functions %bu   and bv%  were approximated using 
the function 
[8]   %
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 
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      
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%   
where coefficients 0 4d d   and 0 4e e  were determined by minimizing the summation of squares of the differences 
between the Abaqus buckling displacements and the proposed displacement function. 
 
 
(a)  (b)  
 
 
(c)  (d) 
 
 
 
(e)  (f)  
Fig. 6: In-plane buckling displacements based on (a) Abaqus ( bu ), (b) approximation (
%
bu ), (c) Abaqus ( bv ), (d) 
approximation ( bv% ), Transverse displacement function based on (e) Abaqus ( bw ) and (f) approximation(
°
bw ) 
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A visual comparison between in-plane displacement distributions based on the 3D FEA solution and the 
approximation obtained by regression is provided in Fig. 6 (a-d).  The nodal transverse buckling displacements °bw  
were also found to be well approximated with single degree of freedom function which satisfies all the boundary 
conditions applied on the plate (Fig. 6 (f)):            
                                     
[9]    °    6 sin sinbw A x a y b   
 
From the displacement functions proposed in Eqs. [8] and [9], by substituting into the variational expression (Eq. [2]) 
and setting the variation of second variation of total potential energy to zero, the critical load combination is 
determined as , , 181.8xx cr yy crP P MPa    which compares to , , 178.9xx cr yy crP P MPa    based on Abaqus with a 
1.60% difference. 
7.3 Cylindrical buckling 
Two plates with dimensions 400 50 20a b h mm mm mm      are bonded together through a soft layer with 
thickness10mm . The composite system is subjected to a single normal pressure 1 yyP kPa  . Modulus of elasticity 
and Poisson’s ratio of soft layer are 0.02aE GPa  and 0.3a  , respectively. The edges 1 4 5 8O O O O  and 2 3 6 7O O O O   
(Fig. 7 (a)) are simply supported against movement along the z direction and for the edge of an arbitrary surface 
1 6 5 10M M M M  normal to the x axis (Fig. 7 (b)): 1 6 2 7,M M M Mv v v v    3 8M Mv v  4 9M Mv v  5 10M Mv v  . It is 
required to find the out of plane critical loading yyP  . 
 
 
(a) (b) 
 
Fig. 7: (a) two plates bonded together through a soft layer under uniaxial normal pressure (cylindrical buckling), 
(b) in-plane displacements of an arbitrary surface 
 
The pre-buckling displacement is found to be exactly described by functions
  82 , 0.46 10 , 400pv a y a mm 
      . Excellent approximations were found to be obtained by the 
displacement function bv%   and °bw  ((Fig. 8 (b) and (d))     
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b
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From the displacement functions bv%   and °bw  proposed in Eq.[10], by substituting into the variational expression Eq. 
[2] and setting the variation of second variation of total potential energy to zero, the critical buckling stress is obtained 
as  yy, 448.8crP MPa   which compares to yy, 444.7crP    based on Abaqus with a 0.92% difference.  
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(a)   (b) 
 
 
( c)  (d)  
Fig. 8: In-plane buckling displacement functions based on, (a) Abaqus ( bv ), (b) approximation ( bv
% ) 
Transverse displacement function based on (a) Abaqus (
bw ) - (b) approximation (
°
bw ) 
8. SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 
1. The present study presented a methodology to assess the validity of simplifying kinematic assumptions made in 
a recently developed approximate layered plate theory. The procedure consists of (a) developing a 3D FEA 
model that is free from simplifying kinematic assumptions, (b) obtaining the predicted buckling load(s) and 
mode shape, (c) developing mathematical expressions to accurately emulate the mode  shape, (d) using the 
mode shape mathematical expressions developed in conjunction with the variational principle of the theory to 
obtain a predicted approximate buckling load.  
2. The above procedure was successfully adopted in three loading scenarios (shear, biaxial normal stresses, and 
cylindrical buckling). In all three cases, the difference between the buckling loads based on the 3D FEA 
solution and that based on the present theory ranged between 0.92% and 1.61%, showing that the assumptions 
underlain in the theory (Fig. 1) are applicable in the class of problems investigated in the present study.  
3. The variational principle thus validated can reliably be used to develop other more general solution techniques. 
In this respect, the variational principle in (1) has successfully been used to develop a finite element formulation 
for the buckling analysis of steel plates reinforced with GFRP (Zaghian 2015). 
4. It is recommended to conduct experimental investigation to verify the validity of the present model. Further 
investigations to account for the effect of residual stresses and initial imperfections are also of practical interest. 
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APPENDIX  
Table A.1- Coefficients of Eq. [1] 
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Table A.2- Coefficients of Eq. [2] 
Coefficients                   Expression Coefficients                   Expression 
1A  34 aG h  8A   1 34 1aG h h  
2A   212 1s sE h   9A   214 1s sE h   
3A   3 13 1a s sG h E h    10A   3 12 3 2 1a s sG h E h    
4A   21 3 3 12aG h h h h   11A   21 3 32 2 3aG h h h     
5A   3 21 6 1s sE h   12A   212 1s sE h     
6A   3 3 2 21 3 1 3 3 13(1 ) 2 3s s aE h G h h h h h        13A   
2
1 12 1E h     
7A   3 21 3 1s sE h   14A   3 12 1a sG h E h      
 
